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Abstract 


We compute the two-point and four-point Green’s function of the noncom- 
mutative 0"^ held theory; hrst with the s-ordered star products and then with 
a general translation invariant star product. We derive the differential ex¬ 
pression for any translation invariant star product, and with the help of this 
expression we show that any of these products can be written in terms of 
a twist. Finally, using the notion of the twisted action of the inhnitesimal 
Poincare transformations, we show that the commutator between the coor¬ 
dinate functions is invariant under Poincare transformations at a deformed 
level. 
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Introduction 


The idea of studying noncommutative spaces goes back to the fathers of quan¬ 
tum mechanics. It was Erwin Schrodinger [1] the hrst one who considered the 
possibility that geometry looses its meaning in quantum mechanics, but it 
was Werner Heisenberg [2] who suggested the idea of coordinate uncertainty 
relations to solve the problem of short distance singularities in quantum field 
theory. The first one who formalized this some years later was Hartland Sny¬ 
der [3]. This idea has been widely studied in the last decades and there are 
several motivations for that. One of them is that there are strong reasons 
that suggest that at very small distances (of the order of Planck length), 
the concept of localization doesn’t make sense anymore, i.e. the concept of 
point is meaningless. Some other motivations for studying noncommutative 
spaces have come up in other places like string theory [4] and constructive 
field theories [5], among others. 

The simplest idea of a noncommutative space (or space-time) is to con¬ 
sider a noncommutative 'k product [6-8] (usually called star product) for 
which the commutator of the coordinate functions is a non-zero constant 

[x\ x-’j* = xW — x^ * X* = (1) 

The most common star products in the literature are the Gronewold-Moyal 
[9, 10] and the Wick-Voros [11-14]. As we will see later, the Wick-Voros 
product is associated to the normal ordering while the Moyal product is 
associated to the symmetric ordering of creation and annihilation operators. 
These two are not the only star products that give rise to the commutator 
(1). There is a generalization of these two products which is a one-parameter 
family of star products, called s-ordered products, which range from anti¬ 
normal to normal ordering, passing through the symmetric ordering. The 
s-ordered products haven’t been studied as much as the Moyal and Wick- 
Voros products and this is the reason we will consider them in this work. 
More precisely, we will consider the field theory with s-ordered products 
and we will compute the two-point and four-point Green’s functions up to 
one loop in detail. For a general review of field theory on noncommutative 
spaces see [15]. 
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As we will see, the s-ordered products do not exhaust the star products 
that give rise to the commutator (1). The whole family of star products is 
very wide, however, the relevant star products to be considered in the context 
of field theory are the translation invariant star products (which include the 
s-ordered products). These products have been studied in [16-21], and it has 
been shown that the whole family of translation invariant star products can 
be characterized by a simple expression [16,18]. In this work we realized that 
most of the computations that can be done for the s-ordered product can be 
easily generalized to the general translation invariant star products. 

In chapter 1, we briefly introduce the well known Moyal and Wick-Voros 
products in the context of Weyl and weighted Weyl maps, and we explain 
how can these two products be generalized to the s-ordered product. For 
simplicity, we consider the products in a two dimensional space, whose gen¬ 
eralization to higher dimensions is straightforward. In chapter 2 we look at 
classical and quantum field theory with s-ordered products. We consider a 
(2 -|- l)-dimensional space-time where only the two spacial coordinates are 
non-commutative. We compute the vertex and the propagator of the 0^ the¬ 
ory and with this we find the two-point and four-point Green’s functions up 
to one loop order and show all the corresponding diagrams. In chapter 3 we 
introduce the general translation invariant star products. We hnd that all 
the diagrams and their symmetry factors are the same as for the s-ordered 
products, and compute explicit expressions of the two-point and four-point 
green’s functions. We also hnd that the ultraviolet/infrared mixing [25-28] is 
present in any non commutative translation invariant star product, in agree¬ 
ment with [16]. Finally, in chapter 4 we will introduce the concept of twist. 
We show that any translation invariant star product can be written in terms 
of a twist and show that the star commutator is invariant under the twisted 
Poincare transformations. 
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Chapter 1 
Star products 


In this chapter we will introduce the Moyal and Wick-Voros products, as 
well as the more general s-ordered product on which we will focus in this and 
the next chapter. We will hrst introduce the integral form of the products, 
and then give the differential form, which is the one we will use for noncom- 
mutative held theory. For the moment only the two spacial coordinates are 
relevant because we consider that the time coordinate commutes with the 
two spacial coordinates. Time won’t be relevant until next chapter where we 
will do held theory. 

1.1 Moyal product 

Given two operators and which satisfy the commutation relation 

[x^, ff] = (1.1) 

where 

0^^ = {e-% = with 

we would like to have a product of functions f{x^,x‘^) -k g{x^,x‘^) such that, 
in particular, the functions x* and x^ satisfy the commutation relation (1.1), 
i,e. = x* * x^ — x^ -k x^ = iO'^^. The Moyal product is among the 

family of products that satisfy this property, but before dehning it, we need 
to introduce the Weyl map which associates an operator to a function and is 
dehned as 

^mU) = ^j d^af(a)W(a) (1.2) 

where 

lT(a) (1.3) 


6 



and 


/» = ^ / (1.4) 

is the symplectic Fourier transform of /. So the map can be explicitly written 
as 

^M{f) = I d?xd^af{x)e-^<^-^'-^W{a). (1.5) 

The Weyl map is invertible, and its inverse is given by the map 

which is called the Wigner map. Indeed, 

(jiM(/)) = 7^ j d^aX/3 {W(a)WHP)) 

= (T^) 2.. (h!^) 

= j - /3) = f{x). 

This allows to dehne the Moyal product as 

^m(/S') = ^M(/)^M(fi')- (1-6) 


In order to hnd an integral expression of the Moyal product, note that ap¬ 
plying equation (1.5) on the left hand side of the dehnition, we hnd 


^m(/ g) — 


d^x d^a{f i<M g){,x)e W{a). 


(27r0)2 

while the right hand side is 
1 


(1.7) 


^uiD^uig) — 

1 r 


d^y d^d d^z d"7 


(27r0)4 ^ 

d% d^d d^z d^j f{y)g{z)e-^^'^y '^'+ 7)- 


(2vr0)4 ^ 

where we have used the property 

W{dW{-f) = W{d + 


7 













Which is easily found using the Baker-Campbell-Hausdorff formula. Now, 
using the linear transformations 

(3 = a — 2x + 2y 
-y = 2x — 2y 


the product takes the form 

Comparing this with equation (1.7) we can see that the integral form of 
the Moyal product is 

(/*M9)(I) = ^ j d^d^z (1.8) 

1.2 Wick-Voros product 

There is a more general version of the Weyl map, called the weighted Weyl 
map, which is dehned as 

^wU) = J d^xd^afix)uia)e-^^-^'-^Wia). 

where a;(a) is an invertible function, called the weighted function. This map 
is invertible, and its inverse is viven by 

f!y(i) = ^ y/aw-'(a)e"«*‘“'Tr (.4lV(a)) . 

In the previous section we saw how to dehne the Moyal product from the 
Weyl map. The Wick-Voros product is dehned in the same way as the Moyal 
one, but using the following weighted Weyl map 

which can be written as 

= [ (fxd^af{x)e^o^+°-e'o^^+°—°+^-^W{a). (1.9) 

{nO}^ J 


where 








± ix‘^ , ± ia^ 

=-=— and =-=— 

^2 ^/2 

So, the Wick-Voros product can be defined as 

^y(/ *M g) = ^v{f)^v{g)- 

From which the integral form can be shown to be 

1.3 S-ordered products 

The two operators x^ and can always be written as 

o, -\- bj^ ^2 b — o) 

X = — 1 =- and X = -^ 

72 iy /2 


( 1 . 10 ) 


( 1 . 11 ) 


( 1 . 12 ) 


where b and are two operators which satisfy the commutation relation 
[a, fil] = 9 and can be seen as the creation and annihilation operators. Using 
the notation z = x+ and u = «+, the Weyl map (1.2) and equations (1.3) 
and (1.4) can be written in terms of z, z, u, u, b and fil as 


^m(/) = d^ujf{u)Wiu), 

( 1 . 13 ) 

W{uj) = 

( 1 . 14 ) 


( 1 . 15 ) 


and 


If we write the operators in terms of b and b\ the Weyl map CIm gives 
operators in the symmetric ordering, which means that a monomial is 
transformed by CIm into the operator 


{(at)"an = r+«2!hEH 


a ;=0 


For example the monomial 2 ;;^ is sent to {fila} = |(aal + a^b). On the 
other hand, the weighted Weyl map Oy corresponding to the Wick-Voros 
product, gives always operators in the normal ordering (annihilators to the 
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right and creators to the left). A third way of ordering the operators is the 
antinormal ordering (creators to the right and annihilators to the left). These 
are particnlar cases of a more general ordering which is defined as 


{(a')"ap 




a ;=0 


where 

Wsiu) = e^l‘"lV(a;) (1.16) 

and s G [—1,1]. In particnlar, for s = —1,0 andl, the monomial is sent 
to the antinormal, symmetric and normal ordered operators respectively 


{a^a}_i = da\ {a^a}o = -{dd^ + d^d) and {a^a}i = a^ci. 


There is a one parameter family of weighted Weyl maps that give rise to 
s-ordered operators, and is given by 


W) 


1 

7i9 


(fu f{u/)W,{u) 


(1.17) 


with s G [—1,1]. Note that this map rednces to the Weyl map (1.2) for 
s = 0, and to the weighted Weyl map corresponding to the Wick-Voros 
prodnct (1.9) for s = 1. This map can be explicitly written as 

or eqnivalently 

n.(f)^^jdhf(z,z)W,(z) (1.18) 

where 

is another kind of symplectic Fonrier transform, like (1.15). This map is 
invertible, and its inverse is given by 

(!J;'(i)) (j) = Tr [aW-Az)) (1.20) 

To prove this we need the following properties (see appendix B) 

W{uj)W{u') = + J) (1.21) 




(1.19) 
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and 


( 1 . 22 ) 


Triy(a;) = Tid5{u:) 
We can now check eqnation (1.20) 

n;'(f!,(/))') (z') = Tr {n.(f)W-.{z' 


= i I rf^2/(z,5)Tr (lV,(2)#_.(j')) 


{'kO)'- 


(fz d?uj (Poj' f{z, z)e^(l‘^l {W{uj)W{uj')) 


bnt nsing properties (1.21) and (1.22) this is 


(fz(fu: dV 




^ 3 


(vrd) 

Pz Poj , , z 


- I■■ -' F-«, /z-z' 


(vrd) 


;f(z,z)7r^6^^^ 
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= f{z\-P). 


Given that the map is invertible, we can dehne the s-ordered star 
prodnct as 

(/ g){z, z) = Tr (Cl{f)Cl{g)W_Pz)) . (1.23) 


It has been shown [30] that this prodnct can be written as a series expansion 
as follows 

(/ g){z, z) = f{z, ^)ef 2). (1.24) 


This is what we call the differential expression of the s-ordered prodnct. It 
is important to mention that the range of the differential expression [30] is 
smaller than the range of the integral expression. From now on we assnme 
that the fnnctions nnder consideration are in the range of the differential 
expression. 
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Chapter 2 

Field Theory with s-ordered 
star products 


In this chapter we study the noncommutative 0^ held theory obtained from 
the commutative one by replacing the ordinary product with the s-ordered 
star product. In particular we consider the following action 

S = So-S,^t ( 2 . 1 ) 

where So is the free Klein-Gordon action given by 

So = j (fx^{d^(j)d^(j)-m‘^(j)^) ( 2 . 2 ) 

and Sint is the interacting action given by 

5'int = ^ y (2-2) 

Now, as we said, we consider the noncommutative action by replacing the 
ordinary product by the star product. So the free action becomes 

So, = j -ks d^(j) - rrS(j) 0) (2.4) 

while the interacting action becomes 

S-mts = ^ j d^X (pk^Cpk^Cpk, 0. (2.5) 

We will compute the two and four point Green’s functions of this theory, 
but before going to the quantum level, let us look at some properties of the 
theory at the classical level. 
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2.1 Classical Field Theory 

In this section we will describe some properties of the theory at the classical 
level that will be useful for the next section, where we will compute the 
propagator and the vertex of the theory at quantum level. We start by 
looking at the following property 

which is called the trace property. To check this we will use the differential 
form of the star product (1.24), which written in terms of and x_ is 


if'^s g){x) = 

so we can write the star product as 

d^p d?q 


( 2 . 6 ) 


J (27r)^ (27r)^ 

f d^p d^q 

^ J (27r)3 (27r)3 

f d^p d^q 

^ J (27r)3 (27r)3 

Integrating over x we get 




f{p)g{q)e 

f{p)g{q)e 


-i{p+x-+p-x+) ^ ^-i(q+x-+q-x+) 


-^[{s+l)p-q+ + {s-l)p+q-] -i{p+q)-x 


(2.7) 




d?p 

(27r)3 


/(p)s(-p)e""’“'’+ 


( 2 . 8 ) 


SO the star product commutes inside the integral, which is what we wanted 
to prove. The other property we will need is the explicit expression of the 
star product inside the integral. For this we use again the differential form 
of the s-ordered product (2.6) 

[ d^x{f-ks g){x) = [ 


( i — —T i — —T \ 

|[(S + 1) ^3;+ + (S - 1) ) 

« -^j -j- —g{x) 


n=0 


cPxHx) I ^ h) (s + (s - l)”-‘ty%‘ ] g(x) 

n=0 \i =0 / J 
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n=0 


. i=0 


n 


[s + lY{s - ir-\dl^d^^Z^f{x)){di.dl^^g{x)) 


so, doing integration by parts and neglecting the bonndary terms we have 

(«/ 2 )’ 


n=0 ■ \ i=0 


n 


{s+ i)‘(s - ir-\-irf{x)d:.d:^g{x) 


n 


but noting that ^^^=0 ( • ) (-^ + — 1)"' * = (2s)"' we get 


= f d?xf{x) ^ ^ x-~^ x+Tg{x) = f d^xf{x)e ^^^~^--~^-+'>g{x) 

hnally, using d^+dx- = we get the following expression for the integral 
of the s-ordered star product 

j (fx{f-k,g){x) = j d^x f{x)e~^^^^^g{x). (2.9) 

We can use this results to find the equation of motion. First we need to make 
a small variation 0 —)■ 0 + 50 so that the variation of the action is 


SSq^ = / d?x{d^5(f)-ksd^Y ~ 


where we used the trace property. Integrating by parts and neglecting the 
boundary terms this is 




J 5^x50 (n + m^)0. 


( 2 . 10 ) 


Using equation (2.9) we have 


SSo^ = — J d?x5(j)e + m^)0 

but this must vanish for any variation of the held 50, so the equation of 
motion is 

+ m ^)0 = 0 . ( 2 . 11 ) 

Note that the only case for which this equation is equal to the Klein- 
Gordon equation is for s = 0, however, both equations have the same solu¬ 
tions due to the invertibility of the operator . Moreover, the on shell 
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condition is the same, to see this let ns take the Fonrier transform of eqnation 

( 2 , 11 ) 


J (27r)'^ 

= j = 0 

where we use the notation /c^ = for /r = 0,1,2 and = k^ki for 

z = 1, 2. From now on, the boldface characters will stand for vectors in the 
two-dimensional space, while normal characters will stand for vectors in the 
(2-|-l)-dimensional space-time. The on shell condition is then given by 

gjsefc ^-^2 _ _ g 

which is equivalent to the usual condition 

- m2)0(fc) = 0 (2.12) 

which means that, at the classical level, the noncommutative free field theory 
given by the action (2.1) with the s-ordered star product, is the same as the 
commutative one. 


2.2 Quantum Field Theory 

We want to compute the Green’s functions of the theory, but for that we 
need the propagator and the vertex which we proceed to compute in this 
section. 

2.2.1 Propagator 

To compute the propagator, which we call Gg, we start from its dehnition 


Writing it in terms of the Fourier transform, the left hand side becomes 


e (U + im?)Gs{x — x') = e (p + m^] 

- f 

J (2vr)3 ^ 

-p^ + m^)Gg{p)e-^P<^-^'^ 
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while the right hand side is 


— x') 

from which follows that 


-ip-(x-x') 

(27r)3 


_|_ rn^^Gsij)) = —1 


so the propagator is 


Gs{p) 


g-|sep2 

p2 _ ^2 


(2.13) 


2.2.2 The vertex 


In order to find the ponr-point Green’s fnnction at tree level, we need to 
compnte the vertex in momentnm space. For that we need to compute an 
explicit expression for the star product of exponentials. Using equation (2.7) 
he have 

^-i(ki+k2)-x ^ ^-i{k3+k4)-x _ 


f d^p d^q 

J (27r)3 (27r)3 




= e~ ^ [(^+l)(fcl_ +^2_ )(fc3+ +^4+ )+(s-l)(fcl+ +^2+ )(fc3_ +k4_ )] ^-i{k-i+k2+k3+k4)-X 


Using this expression and equation (2.7), we have 


c _ V 

*^intp . • 


£ 

4! 


d^x (0 -ks 0) (0 *s 0) 


4! 


d^xll 


2=1 


d^ki 

(27r)3 




^-i{ki+k2)-x ^ ^-i{k3+k4)-x 


)-x'j 


9_ 

4! 




3-I [(■5+l)*:i_ ^2 , +(s-l)fcl I fc2_ ] „-I [(s+ 1)A:3_ fe4 , +(s-1)^3 I fc4_ ] 


^(27r) 

4! 


AI (27r) 
2=1 ^ ^ 

(2vr)3 


16 









Finally we have 


sm. - * / n (t); m 

(2.14) 

where 

y — T/g-f + 

As 

(2.15) 

is the vertex of the theory, and 


U- + + + 

(2.16) 


is the usual vertex of the commutative theory. Note that the vertex is not 
invariant under an arbitrary permutation of the momenta, however, it is 
invariant under cyclic permutations^ (see appendix A). It is important to 
compare with the Moyal case. First note that dehning 

pAq = e''^Piqj (2.17) 

the vertex can be written as 

(2.18) 

where we used the property p-q+ = ■ Q + ip q)■ The Moyal vertex is 

given by the same expression with s = 0 

= 14^ = ye-'2^a<bikaAk,_ ^2.19) 

Using conservation of momentum '^ka = 0 it is easy to show that 
~ which is invariant under any permutation. So 

the Moyal part determines the symmetries of the vertex, the non-Moyal part 
is invariant under any permutation. 

2.3 Green’s functions 

We have the vertex and the propagator, therefore we can compute the two- 
point and four-point Green’s functions. At zeroth order we have the same 
diagrams as in conventional quantum held theory (QFT) except that the 
propagators are the ones we found in noncommutative quantum held theory 
(NCQFT). At hrst order things get a bit diherent because we already have 
a vertex (which as we saw, is not invariant under a generic permutation), 
so we need to keep track of the order in which the lines enter the vertex. 

^Here by cyclic permutation we mean a G Sn oi the form a{a) = (a -I- k)modn 
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This is why we will have to consider some diagrams that are equivalent in 
ordinary QFT, but are not equivalent in NCQFT [31]. In order to see this, 
and to compute the symmetry factors of the diagrams, we need to recall how 
Green’s functions in momentum space are computed from the generating 
function (see [32], [33])^ 

/ 1 /• 

“P(“2 J 

( 2 . 20 ) 

where 

‘S'ints 

The computation of the Green’s functions is done in the same way as in QFT, 
but as we said we have to keep track of the order of the lines in each vertex 
due to the factor exp(—| X]a<6[('® + l)^a_fcfe+ + (s — ^)ka+kb_]) which comes 
inside Idr„- 

Here we are interested in the connected component of the Green’s function 
Gc, which is the relevant part if we want to compute scattering amplitudes. 

2.3.1 Two-point Green’s function 

In order to see how all this works, we will do the computation of the two- 
point correlation function Gc ^ in detail. From equation (2.20) we can see 

~ /oA 

that Gc (p) (where p = fci = —/C 2 ) at leading order is 

GIMp) = Gs{p) = ^ 2,^2 

where the second subindex refers to the order of expansion. So, as usual it 
is just the propagator, as we expected because there is no vertex. At one 
loop order, things get a bit more complicated than in the commutative case 
because of the vertex. 

In QFT we would just have the diagram shown in figure 2.1a with a 
symmetry factor 12/4!. The usual way to compute this symmetry factor is 
by thinking of the vertex as made by four points, and then count the number 
of ways to attach the four lines to the vertex, as it is shown in figure 2.2a 
. In NGQFT we do the same but we just count the number of ways of 

^Note that unlike [33], we include the delta inside the Green’s function 


(-q) 


= i 


n 




y- (27r)3/2 dj(-gi) 


K, 
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q 




Figure 2.1: Two-point Green’s function one loop diagrams 



1 


(a) (b) (c) 

Figure 2.2: Two-point Green’s function vertex. Figure (a) corresponds to 
the vertex in QFT, figures (b) and (c) correspond to the two inequivalent 
vertices in NGQFT. The numbers represent the number of ways of attaching 
the corresponding line to the vertex 


attaching the lines in such a way that the vertex doesn’t change. Due to the 
invariance under cyclic permutations, just the order of the lines is relevant, 
so we can think of the four points as being on a ring, like in hgures 2.2b 
and 2.2c. Saying that the vertex is invariant under cyclic permutations is 
like saying that rotating the ring doesn’t change anything. Let us use this 
to compute Gc ■ Using the fact that Ki = —K 2 it is easy to see that there 
are just two inequivalent vertices, shown in hgures 2.2b and 2.2c, and their 
corresponding diagrams are shown in hgures 2.1a and 2.1b respectively. The 
symmetry factor of 2.2b is 8/4! because there are four ways of attaching the 
hrst external line, two ways of attaching the second external line (to the right 
or to the left of the hrst one) and the internal loop joins the two remaining 
points. On the other hand, the symmetry factor of 2.2c is 4/4! because there 
are four ways for the hrst external line, the second one must be in the opposite 
point and the internal loop joins the two remaining points. Of course the 
sum of the two symmetry factors is 12/4! which is the symmetry factor in 
QFT. 
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The integral corresponding to a given diagram is found in the same way 
as in ordinary QFT (as can be seen from equation (2.20)), i.e. the Feynman 
rules are the same except that the symmetry factors are computed in the way 
we explained, and the vertex and propagator are given by equations (2.18) 
and (2.13). For the diagram 2.1a, the vertex is given by^ 

Y — Wg- I [s(-q q+q p-g p-q p+g p-p p)+i(-qAq+qAp-qAp-qAp+gAp-pAp)] 

The integral corresponding to the diagram 2.1a is 


GSa(p) = 




4! J (27r)^ (jp'— — rn?) 


—ig f d^q e 


3 J (27r)^ (p2 — rn?Y{q^ — rn?) 
Doing the same for the diagram 2.1b we find 

42) ( r dS g-^(fP^+^PA^) 


GtM = 


6 J (27r)^ ijp — rn?Y{q^ — rn?) 


( 2 . 21 ) 


( 2 . 22 ) 


The connected two-point Green’s function up to one loop order is the propa¬ 
gator plus the sum of these two integrals with their corresponding symmetry 
factors 


4)1 (p) = 


g-is6»p2 

tg 

r d^q 8e-^p" 

p2 _ jyY 

4! j 

(27r)3 (p2 — m^)^(g^ — m^) 

^-\sep^ 

^g 

f dPq (2 + 

p2 _ ^2 

6 J 

(27r)3 (p2 — ir?)^{q‘^ — n?) 


Note that if we set 0 = 0 we get the conventional expression 


Gf'(p) = 


p2 _ 


ig r dPq 1 

2 J {2n)^ (jP — imp)‘^{q^ — 'n?) 


(2.23) 


2.3.2 Four-point Green’s function 

We now compute the four-point Green’s function. At hrst order we have 
as usual the diagram shown in hgure 2.3-1, but in NGQFT the six diagrams 

•^To compute the phase of the vertex we choose any line (due to cyclic invariance) and 
then move counterclockwise 
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Figure 2.3: Four-point Green’s function diagrams with one vertex 


shown in figure 2.3 are not equivalent, so we have to consider them separately. 
Each of these diagrams has a symmetry factor of 4/4! because there are four 
ways to attach the first external line to the vertex, and then the other three 
are completely determined. Recalling that J2a<b ^a'kb = — | X] is invariant 
under any permutation, we can easily see that we have 




g g 2 2-^a 




— iqfl'p 1.2— iSR. 

i -h 

6 




(2.24) 


where Ej, with j G {1,... 6}, is the Moyal part of the vertex of the corre¬ 
sponding diagram (see equation (2.19)). For example, for the diagram 2.3-2 
we have 


^2 = fci A fcs -|- fci A ^2 -|- fci A ^4 -|- fca A ^2 -|- fcs A ^4 -|- ^2 A ^ 4 . 

At one loop order, the only connected diagrams we would have in QFT are 
shown in figures 2.4 and 2.5. Let us first look at diagrams 2.4. In QFT, each 
of these diagrams has a symmetry factor of 1/2. In NCQFT, for each of these 
three diagrams there are 18 different diagrams!^, shown in figure 2.6 . The 
symmetry factor of each of these diagrams is equal to (4-4)/(4!-4!) = l/(2-18). 
To see this, note that in this case the only symmetries of the diagrams are 

^figure 2.6 shows the 18 diagrams that reduce to the diagram 2.4-1 in the commutative 
case. Equivalently, there are 18 different diagrams that reduce to the diagram 2.4-2 and 
18 that reduce to 2.4-3 
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Figure 2.4: Four-point Green’s function diagrams in QFT at one loop order. 



Figure 2.5: Four-point Green’s function diagrams in QFT at one loop order 


the cyclic permutations of the two vertices, so the hrst external line of each 
vertex has four options, and then the positions of the other three lines of each 
vertex are completely determined (each non-cyclic permutation gives rise to 
an inequivalent diagram). Note that the sum of the symmetry factors of the 
diagrams in hgure 2.6 is equal to the symmetry factor of diagram 2.4-1, as 
expected. 

Using again the fact that ■ kb = G invariant under any 

permutation, we can see that the non-Moyal part of the two vertices is given 
by 


~ 2^kl -\- kl -\- q'^ — q)"^ + kl-\- kl-\- {—q)^ + {q — Pnf) 

= -\^kl- q^ - {p^-qf 

a 

where the index n G {1,2,3} is a label for the three diagrams 2.4, and 
the values of pi are shown in the same hgure. The last two factors of this 
expression cancel with the two exponentials coming from the propagators of 
the two internal lines. So, the corresponding integral of each of the diagrams 
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in figure 2.6 is of the form 


G2l-nm{kl,k2,h,ki) 

_ {-igf r d^q 

36 J (27r)3 {q'^ — m‘^){{pn — qy — m‘^)Ylaikl — rn'^) 

—g^ f d^q 

36 j {2ttY {q^ — rn?‘){{pn — (lY — rayY[yk‘l — m?) 

where the first subindex n, as we said, is a label for the three commutative 
diagrams 2.4, while the second subindex m is a label for the 18 noncom- 
mutative diagrams that reduce to the corresponding diagram in figure 2.4. 
More explicitly, G' 2 . 6 -im for m G {1,2, ...,18} corresponds to the 18 dia¬ 
grams (shown in hgure 2.6) that reduce to 2.4-1 in the commutative limit, 
and equivalently G 2 s- 2 m and G 2 . 6 - 3 m correspond to the diagrams that reduce 
to 2.4-2 and 2.4-3 respectively. Fnm is the Moyal part of the two vertices and 
its value is also shown in figure 2.6.^ 

Finally, let us look at diagrams 2.5. In NCQFT, for each of the diagrams 
shown in hgure 2.5 there are 12 different diagramsil, shown in hgures 2.7 and 
2.8. The diagrams in hgure 2.7 have a symmetry factor of (4 ■ 4 ■ 2)/(4! ■ 4!) = 
1/18 and their corresponding integrals are given by 

18 J {27ry {q^-my {kf-my Yiykl-my 

where the Ej is the same we had in equation (2.24), and again the subindex 
i G (1,..., 4} is a label for the four commutative diagrams in hgure 2.5, while 
the index j G (1,..., 6} is a label for the six noncommutative diagrams (of 
the form shown in hgure 2.7) that reduce to the corresponding commutative 
diagram in hgure 2.5 (i.e. G 2 . 7 -ij for j ^ correspond to the 6 

noncommutative diagrams that reduce to 2.5-i in the commutative limit) 
Finally, the diagrams in hgure 2.8 have a symmetry factor of (4 ■ 4)/(4! ■ 

^Actually, just the values of Fim are shown, but the values of F 2 m and F^m are found 
in a similar way. 

llPigures 2.7 and 2.8 show the 12 diagrams that reduce to diagram 2.5-1 in the commu¬ 
tative limit. The other diagrams are the same except that the loop is attached to another 
external line. 
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4!) = 1/36 and their corresponding integrals are given by 

k2, h, k^) 

{—ig^ f d^q '“a 

36 J {27i)^ {q‘^ — m‘^){kf — m‘^)Y[a{kl — 

where Ej is the same as before, as well as the explanation of the snbindices. 
We can hnally write the connected fonr-point Green’s fnnction np to one 
loop order 


<^^2 i.kl, ...,k4) - ^ ^ ^ G^2^inm + X] X] + X] X] 

j=l n=l m=l i=l j=l i=l j=l 


3 18 


4 6 


4 6 


44) 


E 


A*2_1^P7- 
ig C 2 ^3 

6 Ut=iikl-m^) 


E’' 

nm 

E 


d^q 


g 4®®Ea^a 


36 J (27r)3 (g 2 — m‘^){{pn — qY — rn?) ]\aika ~ 

g2 r dZq (2 4“ 4Ea 


36 J {27rY {q'^ — m‘^){kf — m‘^)Yla{kl — 


■5® E^« 


It is not difhcnlt to see that if we set 0 = 0 we get back the nsnal expression 
for the connected fonr-point Green’s fnnction in QFT. 


2.4 Ultraviolet/Infrared mixing 

The Ultraviolet/Infrared mixing is a phenomenon that appears in NGQFT 
bnt it is not present in ordinary Qnantnm Field Theory. To nnderstand it, 
let ns look at eqnations (2.21) and (2.22). The integral in eqnation (2.21) 
corresponds to diagram 2.1a, and it diverges for big q, like in QFT, so it has 
nltraviolet divergence. On the other hand, the integral in eqnation (2.22) 
corresponds to diagram 2.1b, bnt note that the integrand has an oscillat¬ 
ing factor that softens the nltraviolet divergence bnt at the same time it is 
responsible for an infrared divergence. The same phenomenon is observed 
for the diagrams of the fonr-point Green’s fnnction. This is what is nsnally 
called nltraviolet/infrared mixing. Note that it is the Moyal part of the ver¬ 
tex what prodnces this mixing, that’s why it is a common characteristic of 
the s-ordered prodnct for any valne of the parameter s. In the next chapter 
we will see that this is actnally common for all the translation invariant star 
prodncts. 
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( 1 ) 

= ki f\k 2 
+/C3 A A )4 



( 5 ) 

•Fi, 5 = fci a fc2 
+k^ A /C4 
-t- 2 /t A ^ 



( 9 ) 

Fi,9 = ki Ak2 


-\-k^ A ^4 
— 2 A;i A g 



( 13 ) 

Fi,i 3 = A:i a A:2 

+^3 A ki 
+2/^3 A q 



( 2 ) 

-P'1,2 = -ki A ^2 


+A)3 a A)4 



( 6 ) 

-P'1,6 = -Pi A k2 


-\-k 3 A ki 
+ 2 k A g 



( 10 ) 

-P'1,10 = fci A fc2 


— ^3 A ^4 
— 2 Pi A q 



1 3 


( 14 ) 

-P'1,14 = —Pi A k2 
+P3 A ki 
+2^3 A q 


( 3 ) 

-P'1,3 = Pi A P2 


— P3 A ki 



2 


( 7 ) 

-P'1,7 = Pi A P2 


— P3 A P4 
+ 2 P A g 



( 11 ) 

-P'1,11 = Pi A P2 
+A:3 a ki 
+ 2 k 2 A g 



( 15 ) 

-P'1,15 = +Pi A k2 
+A;3 a ki 
— 2 ki A g 


( 4 ) 

Fi^4 = -ki A ^2 
—/C3 A /C 4 



( 8 ) 

-P'1,8 = —Pi A k2 


—/c3 A ki 
+ 2 k A g 



2 4 


( 12 ) 

-P'1,12 = Pi A P2 


— P3 A ki 
+2P2 A g 



( 16 ) 

-P’1,16 = -Pi A P2 
+P3 A P4 
— 2 ki A g 



( 17 ) 


-P' 1,17 


Pi A P2 + P3 A ki 
— 2 (Pi + P4) A g 



—Pi A P2 + P3 A P4 
+ 2 (Pi + P3) A g 


Figure 2 . 6 : Four-point Green’s function diagrams in NCQFT at one loop 
order with their corresponding value of Enm- The value n = 1 indicates that 
these diagrams reduce to the diagram 2 . 4-1 in the commutative case. 
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Figure 2 . 7 : Four-point Green’s function diagrams in NCQFT at one loop 
order 



Figure 2 . 8 : Four-point Green’s function diagrams in NGQFT at one loop 
order 
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Chapter 3 

Field Theory with Translation 
Invariant Star Products 


In the first two chapters we studied the s-ordered star product which are a 
special case of the translation invariant star product. In this chapter we will 
introduce the general translation invariant star products and we will do some 
held theory with these products. 

3.1 The general translation invariant star prod¬ 
ucts (TISP) 

In this section all vectors are in the two dimensional space* as in the hrst 
chapter, so we will omit the boldface notation, we will come back to space- 
time in the next section. Consider the generalization of the s-ordered product 
( 1 . 23 ) given by 

where iC is a distribution. Note that this includes the commutative products. 
Indeed, if we impose the condition 

‘•f * = / (1.1 (ly (ly (P. 9. 

= / = (9*/)W 

*A 11 the expressions in this section are actually valid in any dimension 
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we get the commutativity condition K{p, g, r) = K{p, r, q). In particular, the 
ordinary product is of this form with K{p, g, r) = ( 27 r)^ 5 *'^^(r — p + g). 

Now, we want a translation invariant product, so we have to impose the 
condition 

TaU^g) = raU)^ra{g) 

where Ta{f){x) = f{x + a) is the translation by any vector a G The left 
hand side is given by 

TM*S) = j 

while the right hand side is 


TaiD^Taig) 


d'^p d'^q d?r 

(27r)2 (27r)2 (27r)2 
d^p d^q d?r 

(27r)2 (27r)2 (27r)2 


-^){q)^){r)K{p,q,r)e-^^-^ 


So the product is translation invariant if these two expressions are equal for 
any vector a, which means 


K{p, g, r) = ( 27 r)^e“^^’^^( 5 *'^^ (r — p + g) 


where a is a generic (possibly complex) fnnction. So the general translation 
invariant star product is given by 

= ( 3 ' 1 ) 

In particular, it is not difficult to see that the ordinary prodnct is given by 
a = 0 and the s-ordered product is given by 

. . iO s9 . , 

q) = ^ q - ^[p - q) ■ q 

and clearly the Moyal product (s = 0 ) is given by aM{p, q) = ^P A g, so we 
will call this the Moyal part of a. 

There are three constraints that the fnnction a has to satisfy. The hrst 
one is the associativity condition 


{{f-kg)-kh){x) = {fic{g-kh)){x). 


A straightforward compntation gives 

((/ * g) * fc)(x) = I ^ ^^/(i)g(g - mp - 



and on the other hand 


So the associativity condition says 

a{q, t) + a{p, q) = a{p -t,q-t) + a{p, t). (3.2) 

The second constraint is the condition that the constant fnnction 1 be 
the identity of the algebra of fnnctions with prodnct (3.1), i.e. 

(/ * l)(i) = j = / (3.3) 

and 

(1 * f )(x) = j = / (3.4) 

which means 

a{p,p) = 0 and a{p,0) = 0. 

Finally, the third constraint is the condition that the algebra of fnnctions 
with the star prodnct be a ^-algebra. That is, there mnst be a map which 
satishes the following conditions: 

irr = f 

(A /+pgy = xr + pg* 

{f*9r = 9*^r 


where A,/i G C, and the bar denotes complex conjngation. In this case 
the involntion * is given by complex conjngation and just the last condition 
imposes a constraint on a. The left hand side of the equation is 

(/*s)* = / (2^^2 A<ir9(P - 


and the right hand side is 


9 = 


(Pp Pq 
(27r)2 (27r)2 

Pp Pq 

(27r)2 (27r)2 

Pp Pq 

(27r)2 (27r)2 


a(p,q)„-ip-x 


g*{q)f*{p-q)e 


P-qTfiq - 


RqYPP - qYe^^-P’'^-PP^P-Y 
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so a has to satisfy 


a(p,g)* = tt(-p,g-p). 

This is a reasonable condition if we want to represent the functions as opera¬ 
tors once we study the held theory of noncommutative spaces corresponding 
to these star products. 

So we have the following constraints on a 


a{q,t) + a{p,q) 
a{p,p) 
a(p,0) 
a{p, q)* 


a{p -t,q-t) + a{p,t) 

0 

0 

a{-p,q-p) 


It has been shown that the most general function that satishes these condi¬ 
tions is of the form [18] 

a{p, q) = p{q) - p{p) + r]{p - q) + iuj{p, q) (3.5) 

where a;(p, q) = ^p A q with 9 an arbitrary real constant, and p{p) = pi{p) + 
ip 2 {p) with Pi an arbitrary real and even function such that ?7i(0) = 0, and 
r /2 a real odd function without linear term, i.e. 

oo 2n+l 

V2{p) = EE Cl^2n+l-lPlP2^^^ 

n=l 1=0 

Note that the p function corresponding to the s-product is given by p 2 {p) = 0 
and pi{p) = . 

Let us look at the commutativity condition f g = g f ■ The product is 
commutative if 

(S*9)(x) = j 

equals 

which means 

a{p,q) = a{p,p-q) 
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but note that, from 3.5 we have 


a{p, q) = r]{q) - r]{p) + p{p - q) + iuj{p, q) 


and 


a{p,p - q) = T]{q) - r]{p) + p{p - q) + iu{p,p- q). 


Therefore, just oj contributes to the non-commutativity of the product. But 
note also that ioj{p,q) = aM(yP,q), so it is just the Moyal part of a what 
contributes to the non-commutativity of the product. Heuristically, any 
noncommutative TISP is the moyal product “plus” some (non-local) com¬ 
mutative product, while any commutative TISP is of the form a{p,p — q) = 
v{q) ~ v{p) v{P ~ q)■ This also implies that any noncommutative TISP 
satishes the commutator [x\x^]i, = 

3.2 Quantum Field Theory with a general trans¬ 
lation invariant star product 

Let us now discuss the noncommutative held theory with a general translation 
invariant star product. Note that we are back to the (2 -|- l)-dimensional 
space-time. We consider again the action (2.1) 



(3.6) 


To compute the equation of motion we hrst need the following property 



(3.7) 


and then we proceed as in section 2.1. Using this property and equation 
(2.10) (which is also valid for the general translation invariant product), we 
have 



for any variation of the held 6(j). So the equation of motion is 


g“(o, = Q 


or equivalently 


g27?i(<?)^q,2 _ = 0 


(3.8) 
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which again reduces to the same ordinary equation of motion due to the 
invertibility of the exponential factor. So, as for the s-ordered product, we 
hnd that at the classical level, the noncommutative free held theory given by 
the action (2.1), is the same as the commutative one. 

We now proceed to the computation of the propagator and the vertex. 
Te propagator can be easily found from equation (3.8) to be 


Go{p) 


g-2»?i(g) 

(p2 — 777,2) 


(3.9) 


The vertex can be computed using equations (3.1) and (3.7) 


c _ V 


d^x 


d?ki d?k2 d?kz d^k^ 

(27r)^ (27r)^ (27r)^ (27r)^ 


0(fc2)0(fci - k2)(t){k^)(t){k^ - k^) 


^a{ki,k2)^a{k3,k4)^ki-x ^ ^ks-x 


4! 


4! 


I‘ d?ki d?k2 d^k^ 

(27r)3 (27r)3 (27r)3 (27r)3 

^a{ki,k2)^a{k3,k4,) f ^ ^ 


(2ir) 


J (2ir)® 

d^ki d^k2 d^ks d?k/i 


(27r)3 (27r)3 (27r)3 (27r)3 


^{k2)^{ki - k2)^{k4)^{k3 - ki) 
e^{m[2Tif6^^\ki - k){2Tif5^^\k3 + k) 
^{k2)^{ki - k2)^{k4)^{k3 - ki) 


^a(ki,k2)+a{k3,k4)+a{0,k\ 


)h(3)(fci + fc3) 


which can be written as 


s,„. = |( 2 ;r)’ 


d^ki d^k2 d^ks d?k^ l/u \l(h. \l(h. \ 


(27r)3 (27r)3 (27r)3 (27r 
^a{k\+k2,k2)+<^{k3+k4,k4)+a{0,k4+k2) ^{'i) 


So the vertex is given by 




Y'QOi{ki+k2,k2)+a(k3+k4„k4)+oi{0,ki+k2) 


(3.10) 


where V is again the ordinary vertex given in equation (2.16). Note that the 
vertex (3.10) can be written, using equation (3.5), as 

Y = ■^/g»7(fel)-??(fcl+fc2)+»7(fe2)+*t*l(fcl+fc2,fcl)g7?(fc3)-'f?(fc3+fc4)+l?(fc4)+*l<l(A:3+fc4,fc3) 

Yliki+k2)—r]{0)+ri(—ki—k2)+iuj{0,ki+k2) 


= '\/g^(^l)+'?(^2)+»?(fc3)+»?(*:4)+*‘^(fc2,fcl)-''7(fc3+fc4)+*l<l(fc4,fc3)+’?(-fcl-fc2) 

But using conservation of momentum in the vertex —ki — k 2 = k^ + k^ and 
recalling that uj{p, q) = ^p A q we have —^{k^ + k^) + p{—ki — k 2 ) = 0 and 
U!{k2, ki) + oj{k4, k^) = — kb), SO the vertex can be written as 

= Y^T,aV{ka)-i^T.a<bka/\kb (3-11) 
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3.3 Green’s functions for a general transla¬ 
tion invariant star product 

It is important to note that the factor YlaVi^a) in the vertex (3.11) is in¬ 
variant under any permutation, so the symmetries of the vertices depend 
just on the Moyal part J2a<b^a, A kb. This means that if we want to do 
Noncommutative Quantum Field Theory with a translation invariant star 
product with non-zero Moyal part, then we know that all the diagrams and 
symmetry factors at any order, are the same for any of these products. So 
the diagrams of the two-point and four-point Green’s functions are the ones 
we found in sections 2.3.1 and 2.3.2. 

Note that it is possible to do Quantum Field Theory with a translation 
invariant product without Moyal part. But we saw that just the Moyal part 
contributes to the non-commutativity of the product. This means that a 
translation invariant product without Moyal part would give rise to a com¬ 
mutative (possibly non-local) Quantum Field Theory, in which case we would 
have the same diagrams as in conventional QFT. But here we are interested 
in the noncommutative products, which give rise to the commutator (1.1). 
So we will only consider the star products with non-zero Moyal part (i.e 
noncommutative) and we will call them NCTISP. 

We now proceed to the computation of the two-point and four-point 
Green’s functions. Let us begin by the two-point Green’s function 
At leading order it is, as usual, given by the propagator 


G?\p) = G«{p) = 


(p2 — rn?^' 


(3.12) 


At hrst order, there are two diagrams 2.1a and 2.1b. The Moyal part is the 
same we found in sections 2.3.1 and 2.3.2. The non-Moyal part of the vertex 
is given by 

^r}{p)+r)[-p)+ri(q)+r}{-q) _ g2(r;i(p)+r(i(g)) j-g 

The integral corresponding to diagram 2.1a is then given by 


gS.(p) = 


—ig f d^q e“*^"^^Ap)+ 2 m('?))g 2 (??i(p)+r(i(g)) 


3 

-w 


(27r)3 

d^q 


(p2 _ 

g-2r)i(p) 


3 J (27r)^ {p^ — rn?Y{q^ — rn?) 
and the one corresponding to diagram 2.1b is 


GfM = 


-ig r d^q g- 2 gi(p)-i 0 pA <7 

6 J (27r)3 (p2 — m?Y{q^ — m?) 


33 












The connected two-point Green’s fnnction at one loop order is finally given 
by 

2 ) ig r d?q (2 + 

^c;l[p) - _ ^2) J (p2_^2)2(^2_^2)- 

Note that if we snbstitnte the g fnnction corresponding to the s-ordered 
function (? 72 (p) = 0 and gi{p) = we get back the expression (2.23). 

Let us compute the four-point Green’s function. At first order, the non- 
Moyal part of the vertex is given by exp(^^ ?7(/ca)), so we have 




G^(3) 

6 - m?) 


g e T,an{ka) 2G .3^ 
^6 




(3.14) 


where Ej is the same we had in section 2.3.2, and fj is the complex conjugate 
of g. So, now we move to second order. The non-Moyal part of the diagrams 
of the form 2.6 is 


g{ki) + g{k2) g{q) + g{pn - q) + vih) + ^(^4) + h(-<?) + v{q - Pn) 

= ^V{K) + 2pi(g) + 2pi(p„ - q) 

a 

and again, as with the s-ordered product, the last two factors of this expres¬ 
sion cancel with the exponentials of the two propagators of the internal lines. 
So for diagrams of the form 2.6 we have 

^2, h, k4) 

{-ig^ f d?q 5 ^^) (X)a=i ^a) 

36 J (27r)3 (^2 — 777,2j(^(^p^ _ qrj2 _ .^ 2 ^ _ .^ 2 ^ 

36 J {27r)^ {q"^-m‘^){{pn-q)'^-rn^)Yl^{kl-m^) “J 

where F^m is the same we had in section 2.3.2. In a similar way, it is easy to 
see that for the diagrams of the form 2.7 and 2.8 we have 


G>^l,/h,k2,h,h) 

_ {-igf r d^q g” 

18 J {27i)^ {q"^ - m‘^){kf - m‘^)Yl^{kl 
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and 


_ {-igf f Sq 

36 j {2eY {q^ — m‘^){k‘f — m?)Y[a{ka —El?) 



So we can finally write the connected fonr-point Green’s fnnction np to 
one loop order 


6 3 18 4 6 4 6 

a%(k,, = + E E c'S-n™+E E +E E ^2’ 

j=l n=l m=l i=l j=l i=l j=l 

ig g“ Ea V(^^a) — ^Ej 


( 4 ) 




E 


6 Uai^l - n?) 


E’' 

nm 

E 


(Yq 


z,— Ea Vi^a)—i^Enrn 


36 J (27r)3 (g2 _ _ q'^2 _ ^ 2 '^ Y\.a^^a ~ 

f d?q (2 + 


36 J {27i)^ {q"^ — mY{kf — mY Ylai^a ~ 


<5(3) 


As we said in the last section of chapter 2, the nltraviolet/infrared mixing 
is present in the Green’s fnnctions of all the s-ordered prodncts. We noted 
that this was dne to the fact that it is the Moyal part the responsible of the 
mixing. From the resnlts of this chapter it is clear that the mixing is present 
for any translation invariant star prodnct, and it is again the Moyal part 
the only one that contribntes to the mixing. This is consistent with the fact 
that the Moyal part is the only responsible of the noncommntativity of any 
translation invariant star prodnct. 
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Chapter 4 


Translation invariant star 
products as twisted products 


In the last two chapters we considered the noncommntative (2+l)-diniensional 
space-time with two noncommntative spacial coordinates and one time co¬ 
ordinate which commntes with the two spacial coordinates. More precisely, 
considered the noncommntative space-time with the following commntation 
relations 




(4.1) 


with /i, G {1, 2, 3}, and 



where the * refers either to the s-ordered prodnct (studied in chapter 2) or 
more generally to any translation invariant star product (studied in chapter 
3). The is a parameter of the noncommutativity of space. The commu¬ 
tator (4.1) is invariant under coordinate translations, but it is not invariant 
under Lorentz transformations [22], which means that 6^'^ is not invariant 
under Lorentz transformations. This is not good for a fundamental theory 
because the noncommutativity should be an intrinsic property of space and 
not a frame dependent property. We will see that this is not as bad as it may 
seem, because the Poincare invariance of the 6^'^ parameter is satisfied at a 
deformed level*, as we will explain in this chapter. 

*This has already been shown for quantum field theory in the Moyal case [22] 
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4.1 Differential form of a general translation 
invariant star product 


In this section we derive the differential form of a general translation invariant 
star product, which will be useful later. Recall that a general translation 
invariant star product was given by (3.1) 

or equivalently 

(/*J)W = (4.2) 

We assume that the a function can be expanded as 

J 

for G C, where we use the notation p® = p®ip ®2 goes from 

zero to inhnity. With this notation, equation (4.2) becomes 


= I (E“y(p + 9)vj 

(4.3) 

but we can easily see that the p's and q's in the expansion of the a function 
can be substituted by partial derivatives acting on the exponential. More 
precisely, the expression can be written as 


if*9){x) = 
f (fp cPq 


(27r)2 (27r) 


f{q)g{p)e ®«'"^exp [ ^ + *^x)*(*^x)^ 




h3 


where a ^ exponential to the right and 5 ^ 

acts on the exponential to the left. Performing the integrals, we can write 

this as a series expansion 


= /(x)exp 
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which we write as 



(4.4) 


Is is important to note that the differential expression may be valid on a 
smaller range (depending on the a function) than the integral expression, so 
from now on we assume that the functions are in the range of the differential 
expression of the star product. 

4.2 Twisted Poincare algebra 

We start by recalling that the Poincare algebra is characterized by the Lorenz 
generators and the translations generators whose representation on 
the algebra of functions on Minkowski space-time are given by 


Pf, = -idf. 


and satisfy the following commutation relations 

'Qi/cr^fip 4 “ Vvp^pa Vpp^i'a'} 

Pp] = iiVppPu - ViypPp) (4-5) 

[Pp, Pu] = 0 

Moreover, its universal enveloping algebra U{V) has a noncommutative, but 
cocommutative Hopf algebra structure [34] with coproduct, counit and an¬ 
tipode given respectively by 


Ao(X) = X 01 + 1(8 A, 

^o(-^) = 0, 

5o(X) = -X, 


Ao(l) = lOl (4.6) 


£(1) = 1 (4.7) 

^(1) = 1 (4.8) 


where X stands for and Pp. Let us now dehne the twist P as an 
invertible element of U (V) (8 U (P) [35] such that 


Pi2 (A (8 id)P = p22.iid ® A)P 
{e (8 id)P = {id (8 e)P = 1 


(4.9) 

(4.10) 


where 


Pi 2 = P (8 1 and P 23 = 1 <8 P. 
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We will sometimes write the twist and its inverse as (snm over a nnderstood) 

® fa and = 

Recalling that the ordinary product between functions on the space-time is 
dehned as 


mo : Fun(Wl) ® Fun(Wl) —Fun(Wl) 
h® g ^ hg 


we dehne the twisted product of functions as 

m*(h ®g) = mQO ® g) = r{h)ia{g) (4.11) 

regarding the twist as a map 


Fun(A4) ® Fun(A4) —)■ Fun(A4) (g) Fun(A4). 


The condition (4.9) guarantees that the twisted product of functions is as¬ 
sociative, and (4.10) is equivalent to conditions (3.3) and (3.4), i.e. it says 
that the multiplication by a constant function is just ordinary scalar multi¬ 
plication. It is now easy to see that the s-ordered product can be written in 
terms of a twist as 

h-kg g = rriQO ® g) 


where 


jr-l _ ^^[s{di®di+d2®d2)+i{di®d2-d2®di)] 


In fact, it is possible to write any translation invariant star product in terms 
of a twist. Indeed, from equation (4.4) we have 




Comparing with equation (4.11) we can see that the corresponding twist is 
given by 


which, using equation (3.5) can be written as 

_ gr7(i9®l)—r)(l(gii9-|-i9(8il)-|-?7(l(gii9)-|-iaj(l(gii9,«9cgil) 

_ ^ri{id)^l+l^r}{id)—r]{l^id+id01)—i^ {id\®id2—id2®id\) 


(4.12) 


(4.13) 


39 


where ri{id) = ri{idi,id 2 )- Written in terms of the generators = —id^, the 
twist is 


J7-1 _ gT)(P)(gil+l(gi»7(P)—»7(l(g)P+P(gil) — ^(Pi(giP2—-P2®-Pl) 


(4.14) 


where we used the fact that r]{—x) = fj{x). We still have to check conditions 

(4.9) and (4.10). As we said, the cocycle condition on the twist (equation 

(4.9) ), is just the associativity condition of the star product. Indeed, from 
the expression (4.12) we have 




(4.15) 

and 


(4.16) 

while using equation (4.6) and the fact that A{ab) = A{a)A{b), we 

have 


(A 0 id^J~ _ g— 

(4.17) 

and 

{id 0 A')J~ g—a(i9®l(S)l+l®i9®l+l®l®i9,i9(S)l®l) 

(4.18) 

But 90101, I0i90l and I0l0i9 must be taken as independent variables. 


so equation (4.9) says 


a(r + q,r) + a{r + s + q,r + q) = a{q + s,q) + a{r + q + s,r) 


where we used the correspondence 90101 —>• r, I0i9 0l —>■ q and 
1 0 1 0 i9 —)■ s. But setting r + g + s —)■ p and g —g — r we get 


a{q, r) + Q((p, g) = a(p — r, g — r) + a{p, r) 

which is the associativity condition (3.2). This condition is already satisfied 
by the a function, so the twist (4.13) satisfies the cocycle condition (4.9). 
On the other hand, equation(4.10) is equivalent to equations (3.3) and (3.4). 
Indeed, using equations (4.7) and the fact that e{ah) = e{a)e{h) we have 

{e 0 zd)P = (e 0 


and 


{id 0 e)F = {id 0 




So equation (4.10) is equivalent to equations (3.3) and (3.4), which are al¬ 
ready satisfied by the a function. This means that the expression (4.13) is 
indeed a twist. 
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In the previous chapter we studied the translation invariant star products, 
i.e. those that satisfy the following condition 

Ta{h^ g) = Ta{h)^Ta{g) (4.19) 

where Ta{h){x) = h{x + a). The inhnitesimal form of this condition is the 
Leibniz rule 

^g) = {P^lh) i^g + hi.{P^g) 

We know that Quantum Field Theory, besides being translation invariant, is 
also Lorentz invariant. The generators of the Poincare algebra are derivations 
of the pointwise product, that is 

Pi^{hg) = {P^h)g + h{P^g) 

M^,y{hg) = {Mf,yh)g + h{M^„g). (4.20) 

However, for the star products only the first of these two equations is satisfied 
while the second one is not. In Noncommutative Quantum Field Theory the 
translation invariance is preserved but the Lorentz invariance is broken [22]. 
This is reflected in the fact that the noncommutative parameter 6p„ is not 
invariant under Lorentz transformations. As we said, this is not satisfying for 
a fundamental theory, but we will see that with the help of the twist there is 
a way to achieve the Poincare invariance of the noncommutative parameter 
6p„ at a deformed level. To see this, hrst note that the Leibniz rule, i.e. the 
action of the Poincare generators X on the ordinary product of functions, 
can be written in terms of the product and coproduct as follows 

X{hg) = {Xh)g + h{Xg) = mo(A(X)(h ® g)) (4.21) 

So the action on the star product of functions is given by 

Xih^g)=X{nh)Ug)) 

= mo o A(X)(f“(h) ® fo(5()) 

= mo o A{X)P~^{h (g) g) 

= m^oPA{X)p-\h(^g) (4.22) 

where we used the fact that the product between f"(h) and ia{g) is the 
ordinary product. Comparing the last two equations we can easily see that 
it is possible to have a deformed version of the Leibniz rule if we define the 
twisted coproduct as 

A^(A) = PA{X)p-\ (4.23) 
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So the twisted action of the Poincare generators on the star product of func¬ 
tions is given by 

X{h-k g) = m^o Ajr{X){h® g). (4.24) 

The twisted universal enveloping algebra Ujr{V) is then defined to be the 
algebra generated by and modulo the commutation relations (4.5) 
with coproduct given by equation (4.23) and counit and antipode as in the 
undeformed case. Note that the fact that the commutation relations are un¬ 
changed means that we will have the same representations of the ordinary 
Poincare algebra. This is not the only way of twisting the universal envelop¬ 
ing algebra in this framework, another approach, in which the generators and 
the commutator are deformed, has also been considered [24]. 

The symmetries of the noncommutative parameter 6pfj are given by the 
poincare generators acting with the rule (4.24). To see this we will need the 
explicit expression of equation (4.23) for the general translation invariant star 
product, which we compute with the help of the following operator formula: 

Ade-^iC) = Pb, [B, ...[B,C] = f; (4.25) 

In our case we have C = A(X) = X(8)1-|-1(8)X and B = —f]{P) ® 1 — 1 ® 
f]{P) + f]{l ® P P (g) 1) -f ^(Pi ® P 2 — P 2 ® Pi)- Given that the momentum 
operators commute between them, it is clear that we have 

A^(P,) = A(P„). (4.26) 

The action of P^ on the commutator [a;p,Xo-]* is then given by 

Pp{[xp,x^]^) = m* o X{Pp){xp ®x„-x^® Xp) 

= m*(-Z(5pp ®X„-Xp® i6pa + iSpa ®Xp + Xa® iSpp) = 0 

So the twisted action of the translation generators are symmetries of the 6*po- 
parameter. This was clearly expected given that the action of the transla¬ 
tion generators was not deformed and they where already symmetries of the 
space. On the other hand, the twisted action of the Lorentz generators on 
the commutator is a bit more involved. This is computed in appendix C and 
is found to be zero 


dTpjy ( [(Tp, (Tct]*) 0 

This result, which is actually valid in any dimension, and the fact that the 
commutator is equal to iOp„, indicates that the parameter Op^j is invariant 
under the action of the twisted Poincare generators, which is compatible 
with 6 being constant. 
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Conclusions and Outlook 


In this work we have considered the 0*“^ held theory for the s-ordered prod¬ 
ucts and then for the general translation invariant star products. We have 
computed the propagator and the vertex of the theory. Given that the ver¬ 
tex is not invariant under arbitrary permutations, we computed all the non¬ 
equivalent diagrams of the two-point and four-point Green’s functions up to 
one loop and their corresponding integrals. We found that the diagrams and 
symmetry factors are the same for all translation invariant star products at 
any order. 

In the last chapter we derived the differential expression of a general 
translation invariant star product and we then found that any product of 
this type can be written as a twist. We found that the noncommutative pa¬ 
rameter is invariant under the twisted action of the Poincare generators, 
which means that for any translation invariant star product, 6^^ is Poincare 
invariant at a deformed level. 

Given that the Green’s functions depend on the particular star product 
being used (they depend on the rj function), a possible continuation to this 
work is the computation of the S matrix of the theory, to compare the differ¬ 
ent star products at the level of physical quantities. This is motivated by the 
fact that there are two point of views: on one hand, one can think that the 
physical quantities should just depend on the noncommutative structure of 
space (i.e. the commutator = i9^^) not in the specihc product used 

for the computations. On the other hand one may think that the space is 
the ordinary one, but the action is different and contains an infinite number 
of derivatives, in which case one would expect different physical results, as 
it has already been argued in [23]. We can also mention another point of 
view: when one considers “noncommutative spaces”, given that the notion 
of points is lost and strictly speaking one does not have a space anymore, the 
new playground (or new “space”) is the noncommutative algebra defined by 
the star product, in which case the physical quantities may depend on the 
particular product.^ 

tThank you to Professor Thierry Masson for clarifying this point. 
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Appendix A 

Cyclic invariance of the vertex 


Property 1. //Ec=i^c = 0, then, the function 

F{ki,...,kn) = kg A kb 

a<b 

is invariant under cyclic permutations. 

Proof. We want to prove that F{ki,..., kn) = F{a{ki),..., a{kn)) where a{a) = 
{a + k) modn, with 0 < k < n.* Beginning from the right hand side of the 
eqnation we have 


(y^krif) ^ ^ ^(T(a) A kg(b) 

a<b 

= ka(a) A kaib) 

0<a<b<n—k n—k<a<b<n 0<a<n—k<b<n 


0<a<b<n—k 


ka-\-k 


n—k<a<b<n 


ka+k—n ^b-\-k—n 


0<a<n—k<b<n 


^a-\-k kh-\-k— 


b-\-k—n 


kg Ah + 

0<a—k<b—k<n—k n—k<a—k^n<b—k+n<n 


kg A kb 


0<a—k<n—k<b—k^n<n 


kg A kb 


*Here we take the function mod as 


amodn 


a-\- k ifa + fc<n, 
a + k — n ii a + k > n 


where 0 < k < n. 
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= ^ kaAkb+ ^ kaAkb+ ^ ka A kb 

k<a<b<n 0<a<b<k 0<b<k<a<n 

but we can exchange the dummy indices in the last term, and use the fact 
that ka A kb is antisymmetric, so we get 

= ^ kaAkb+ ^ kaAkb- ^ ka A kb 

k<a<b<n 0<a<b<k 0<a<k<b<n 

= '^ kaAkb-2 ^ ka A kb 

a<b 0<a<k<b<n 


= F{ki,...,kn) -2 ^ kaAkb. 

0<a<k<b<n 


So we just have to prove that the term J2o<a<k<b<n is zero. Using 

the fact that kn = — J2o<c<n-i ^c, we have that 


^ ^ ka A kb ^ ^ ka A kb ^ ^ ka A k^, 

0<a<k<b<n 0<a<k<b<n 0<a<k 


kaAkb 


0<a<k<b<n 


^ ^ ka kc 

0<a<k 

0<c<n—l 


= kaAkb 

0<a<k<b<n 


^ ^ ka /\ kc 

0<a<k<c<n—l 


^ ^ ka /\ kc 

0<a<fc 

0<c<k 


= - /Ca A /Cc = 0 

0<a<k 

0<c<k 

where the last equality follows from the fact that kaAkc is antisymmetric. □ 
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Appendix B 

Properties of the displacement 
operator 


In this appendix we show some of the properties nsed in section 1.3. We 
begin with the following property 

W{uj)W{uj') = + J) (B.l) 

where W{uj) = First, note that nsingthe Baker-Campbell-Hausdorff 

formnla, we have the following two relations 


(B.2) 

which imply 




(B.3) 


So the left hand side of eqnation (B.l) is 

W{uj)W{u:') = 

While the right hand side is 


W{u+u ) = eo 




— g5 iui+uj')d'' g-i iu}+uj')d^- i i loj+w'P 






bnt nsing eqnation (B.3) this is 
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e-e‘^‘^ = W{u)W{u)e-^ 




So finally we have 


W{uj + u') = W{uj)W{uj')e-^^^^‘^^^ 
which is what we wanted. Now let’s prove the following property 

Trhh(a;) = 

Beginning from the left hand side, nsing relations (B.2), and using the com¬ 
plete set of coherent states |a) = W(a) |0) to compute the trace (see [29]) 
note that our expressions differ from those of the reference by a factor of 6 
due to our conventions of a and a), we have 

Tr fB(n;) = Tr = f Sa (vr^)"^ (a| |a) 




1 1 1 


(7rd)-i f dPa gf _ e-'^‘^^^5^^\2uj/e) = Tie5^^\uj) 
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Appendix C 

Twisted action of the Lorentz 
generators 


In this appendix we compnte the explicit expression of and with 

the help of that expression we will compnte the twisted action of on the 
commntator [xp,Xa\i,- 

Note that the commntator [Pa,MpJ\ commntes with Pq,, so we can nse 
the following well known property 


[/(P„),M^,] = /'(P„)[P„,M^,] 


Using this we have* 


AVI = Pi\PT, AVI + [V. M,APT 

= V^V|a’2.aV 1 + IPi.AVl^VV 

= Jr( WXA. AVI + JrlV^’Dln. AVI 


or in general we have 


[r7(Pi,P2),M^,] 


d2ri[P2, Mpy] + diri[Pi, 


where 


d^V 


dr]{xi,X2) 

dxp 


{X1,X2) = {P\,P2) 


*Note that we abuse of notation. We omit the hat in the operators Pp, and by dPp/dPp 
we mean dx^’/dx\^^p 
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In a similar way we can compnte the commntator [r]{l ®P + P^1),1^ 
0 1], Using the following commntator 

[P^,®l + l®P^,l® = 1 ® [P^, 

and the fact that it commntes with P^ ® 1 + 1 ® P^, we can easily see that 
we have 

[77(1®P + P(8)1),1(8)M^^] = 

<9lt7|(l(g,P + P(gll)(l ® [Pi, M^y\) + 52^|(l(glP+P(gll)(l ® [P 2 , M^y\) 

and an eqnivalent resnlt for the commntator with ® 1. So we finally 
have, for B = —?7(P) 01 — 1 ® r7(P)+77(1 ® P + P® 1) + ^(Pi ® P2 — P2 ® Pi) 
and (7 = A(X) = 1 0 0 1, the following commntator^ 

[P, C]=- [fj{P) 0 1, 0 1] - [1 0 f7(P), 1 0 

+ [77(1 0 P + P 0 1), 1 0 0 1] 

AO, 

+ [-(Pi 0 P2 - P2 0 Pi), 1 0 0 1] 

= - (9277[P2, M^A\ + difi[Pi, M^A\) 0 1 
- 1 0 (5277[P2, M^A\ + dif][Pi, M^A\) 

+ ^lhl(l(S)P+P(S)l)(l ® [-Pi; + ^2t7|(l(giP+P(g)l)(l 0 [P 2 , 

+ ^lhl(l®P+P(S)l)([-Pl) ® 1) + d2'0\{l®P+P®l){[P2-, M 0 1) 

gap 

- ^{{VatMPu - VauPiJ,) 0 P/3 + Pa 0 {V^S^,P,^ “ ApuP^i))- (C.l) 

Note that, given that the commntator [Pa, M^y\ depends just on the momen¬ 
tum operators, then the commutator [P, C] depends just on the momentum 
operators as well. From this, and the fact that the operator P is also written 
just in terms of momentum operators, we have that [P, [P, C]]. This means 
that the sum in equation (4.25) stops at ri = 1, to the final expression of 
Aj-(M^i.) is given by 

A^(M^^) = 1 0 0 1 + [P, C] 

where [B,C] is given in equation (C.l). Once having this, we can compute 
the action of on the monomial Xp * Xa 

Mp,,{Xp-kXa) = m^O /\jr{MpiA){Xp® Xa) 

^Do not confuse the metric 77^1/ with the rj functions of the star product 
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The action of the hrst two terms 1 0 M^i, + ® 1 can be easily seen to be 

= i{riy„Xp®Xp-r]p„Xp®Xy+'q^pXp®Xa-rippXy®x„) 

(C.2) 

To compute the action of [S, C], let us expand the 7] function as r]{xi, X 2 ) = 
Yhi j where, as we said before, the terms aoo, Ooi and Oio are zero. 

This means that all the terms in the expansion of dpfj have at least one 
partial derivative, so the action of the hrst two terms in the expression (C.l) 
on Xp ® Xrj are zero. In order to compute the action of the third and forth 
terms on Xp® x^, is is clear that we need to expand the f] function up to 
second order so that the expansion of dpf] will have, at most, derivatives of 
order one, i.e. we need 

f]{xi,X2) = ai^iXiX2 + ao,2xl + 02 , 02^1 

which gives 

dir]{xi,X2) = ai^iX2 + 2a2fiXi 
d2r]{xi,X2) = ai^iXi + 200 , 22^2 

From this, we can see that the action of the third and fourth terms of the 
expression (C.l) on Xp® x„ are respectively given by 

0 1 + 2a2,o-Pi <8) 1)(1 0 [Pi, Mpi,]) + 

(ai,iPi ®1 + 200,2^2 0 1)(1 ® [P 2 , Mp,y])]{Xp ®Xa) 

= i[ai,ir]2p ® iViyiVita - VitiViycr) + 2a2,oVip ^ (VuitIpct - VpiVua) + 

apihlp {Vu2Vlia - Vp2Vua) + 2ao,2h2p ® {r]y2r]pa - Vp2r]ya)] (C.3) 

and 

[(flipl ® P 2 P 2ci2,ol C) Pi)([Pi, Mpy] ® 1)+ 

(ai,il (g) Pi + 2ao,2l ® P2)([P2,M^^] ® l)](a;p ® 

= - VpiVup) ® ai,i?72<7 + iVuiVpp - VpiVup) ® 2a2,ohif7+ 

{Vu2Vpp - Vp2Vup) ® apihl-T + {Vu2Vpp - Vp2Viyp) ® 2ao^2V2a] (C.4) 

Finally, the action of the last term of (C.l) is given by 

Qap 

2 ^{jlapPu Vai/Pp) ^ Pp T Pa ® ijlPpPu Vl3uPp)')(^Xp ® X(j) 

Qa^ 

((h«At^^P VauVpp^ ® V0cr "F 'f]ap ^ ijlpp'^ua 

paVi'p ^uaVpp P ^ppVi'cr pi/V per) ® 1) (^•^) 


51 


Combining the expressions (C.2), (C.3), (C.4) and (C.5) we get 


-k Xa) = i{r]^aXp -kXp- Tjp^Xp -kXy + rjypXp k x^ - r]ppX^ k Xa) 

p ^uaVpp 4” ^ppVi'u ^puVpu) 

~\~i\o,i i(f]2pVi'lVpu V^pVplVi'cr “1“ VlpVi'^Vpcr '^Ip'^ p2^va 

+VulVppV2a - VplVupV2a + Vu2VppVla “ Vp2VupVI<t) 

+2a2fl{r]ip7]^i7]p„ - riipTipiT]^^ + r]^ir]pprii„ - 7]pir]upr]ia) 

+2ao^2{'n2p'nu2'np<T - V2pVp2'n<ya + Vu2Vpp'n2a - Vp2riupri2<T)] 

Note that if acts on the commutator [xp,Xo]-k, all the terms inside the 
square brackets of the previous expression will cancel with the corresponding 
terms of Mp^y^Xa kXp), so we have 


=i{r]ua[xp,Xp]y, - T]p,,[xp,x^]i, + r],yp[xp,Xa]* - VppIxu^Xo 
1 

4” ^uaVpp ^ppVvo ^pu^pa) 

PpV^'i^ ^vpVpi^ 4” ^(jp^vp ^au'^pp') 

=iVua{[xp, Xp\y, - iOpp) - i7]py,{[xp, Xj,]* - i9pu) 

+ ir]^p{[xp, x^],, - iOp„) - ir]pp{[x^, x^]* - = 0. 
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